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Abstract
We present explicit free field representations for the N = 4 doubly extended su-
perconformal algebra, A˜γ. This algebra generalizes and contains all previous N = 4
superconformal algebras. We have found A˜γ to be obtained by hamiltonian reduction of
the Lie superalgebra D(2|1;α). In addition, screening operators are explicitly given and
the associated singular vectors identified. We use this to present a natural conjecture for
the Kac determinant generalizing a previous conjecture by Kent and Riggs for the singly
extended case. The results support and illuminate several aspects of the characters of
this algebra previously obtained by Taormina and one of us.
In recent works, we [1] and two of us [2], have outlined how essentially all known
superconformal algebras – including (super-W -type) ones (for N ≥ 4) for which the
algebra only closes on composites of generators – may be classified and indeed be given a
unified treatment, using the techniques of hamiltonian reductions of WZNW models on
Lie (super)groups [3].
In ref.[2] this program was described at the level of the classical hamiltonian reduc-
tion, whereas in ref. [1] the quantum case was considered as well using explicit free field
realizations. In the case of superconformal algebras with an affine ŜO(N) algebra such a
realization has been known for some time [4, 5]. In [1] it was further discussed and ex-
plicit realizations were described for the non-exceptional type Lie superalgebras, sl(N |2),
osp(N |2) and osp(4|2N). For the N = 4 singly extended algebra containing an affine
ŜU(2) [6] it has been recently provided by Matsuda, [7]. In the present letter we describe
the case of the N = 4 “doubly extended” superconformal algebra of Sevrin, Troost and
Van Proeyen [8] (see also [9]-[11]), commonly denoted A˜γ (see [12]-[14]) and further ana-
lyzed by several authors ([15]-[17]). The algebra, A˜γ, was originally given in a form with
auxiliary free fermionic generators and an extra U(1) current. That algebra is denoted Aγ
and has the superalgebra D(2|1;α) as its finite dimensional sub-algebra. We have found
that A˜γ is obtained as a result of carrying out the hamiltonian reduction of the WZNW
model on the Lie supergroup of the Lie superalgebra D(2|1;α).
We first provide a brief account of how to translate between the notations of [1] using
the Lie superalgebra language, and the original notations for A˜γ (see for example [8, 12]).
The exceptional Lie superalgebra, D(2|1;α) (cf. ref. [18]) depends on the parameter
α or γ ≡ α
1−α , and has rank three. Define the simple roots, α1, α2, α3 with metric given
by
α21 = 0, α
2
2 = −2γ, α23 = −2(1− γ),
α1 · α2 = γ, α1 · α3 = 1− γ, α2 · α3 = 0, (1)
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Then the positive (mutually orthogonal) even roots are α2, α3 and θ ≡ 2α1 + α2 + α3 ≡
α1123, with θ
2 = 2. They define the even subalgebra, g0 = A1 ⊕ A1 ⊕ A1, or (partly
in the notation of [8]), su(2)+ ⊕ su(2)− ⊕ su(2)θ. α2, α3 define the set ∆0+(G) with
G = su(2)+ ⊕ su(2)− in the notation of [1]. It is the affine ŜU(2)θ algebra defined
by θ which is constrained in the hamiltonian reduction and gives rise to the Virasoro
subalgebra.
The positive odd roots forming the set ∆1+ are given by
α1 ≡ β−, α12 ≡ α1 + α2 ≡ β+K ,
α13 ≡ α1 + α3 ≡ β−K , α123 ≡ α1 + α2 + α3 ≡ β+, (2)
the +,−,+K,−K notation being used in the original literature on A˜γ. The pairing
+ ↔ − and +K ↔ −K corresponds to the pairing β ↔ θ − β (with β, θ − β ∈ ∆1+) in
the notation of [1]. The vector space, g1, of the odd generators carry a representation of
G = su(2)+ ⊕ su(2)− the representation matrices of which may be obtained as follows:
For β, β ′ ∈ ∆1+, and α ≡ β ′ − β ∈ ∆0, define
tαθ−β′,β ≡ 2
N−β′,β
α2
= Nα,β (3)
where Nβ′,β are the structure coefficients of (the odd-odd part of) D(2|1;α). The relation
to the notation of [8] consists in denoting
+α2 : (++), −α2 : (+−), +α3 : (−+), −α3 : (−−)
One then finds
t+−+,+K = +1, t
++
−,−K = −1, t−+−,+K = −1, t−−+,−K = +1, (4)
the remaining ones being zero. Matrix multiplication is defined by
(tαtα
′
)θ−β′,β ≡
∑
β′′∈∆1+
tαθ−β′,β′′t
α′
θ−β′′,β. (5)
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Define t2 and t3 (corresponding to 2t+3 and 2t−3 in the traditional notation) by [tαi , t−αi ] =
ti. Then
± t±3+K,−K = ∓t±3−K,+K =
1
2
, t±3+,− = −t±3−,+ =
1
2
. (6)
Thus we have the two commuting doublet representations of the two SU(2)’s (i = 2, 3):
~ti ≡ (tαi , t−αi , ti) = (t±+, t±−, 2t±3) ≡ ~t±.
The space, g1 = g
+
1 ⊕ g−1 falls in two parts corresponding to positive and negative odd
roots (with isospins ±1
2
according to su(2)θ, cf. [1]). Any basis for g
+
1 is indexed by the
positive odd roots β ∈ ∆1+. We denote the su(2)+ ⊕ su(2)− transformation of such a
generic element Xβ, by
t(Xβ) = (tX)β =
∑
β′∈∆1+
tβ,β′Xθ−β′ (7)
We now turn to a brief description of the classical superconformal algebra, A˜clγ , to be
compared below with the well known quantum A˜γ, [12, 13, 14, 8]:
Besides the energy-momentum tensor, L(z), with (classical) central charge ccl = −6k,
it has the following generators: Two sets of commuting affine ŜU(2)± currents, related to
the currents of the (classical) even subalgebras of the affine Lie superalgebra {Jαi , H i},
with αi ∈ ∆(G), for i = 2, 3 with (classical) level, k. 1
Denote Hαi ≡ 2αi·Hα2
i
and write
~Ji ≡ (Jαi , J−αi, Hαi) = (T±+, T±−, 2T±3) ≡ ~J±,
for i = 2, 3 . Introduce ~ti · ~Ji ≡ 12 [tαiJ−αi+ t−αiJαi+ tiHαi ] and ~J2i ≡ 12 [JαiJ−αi+J−αiJαi+
H2αi ], (normal ordering of modes implied). These affine currents satisfy
Jαi(z)J−αi(w) =
2k
α2
(z − w)2 +
Hαi(w)
z − w + . . . ,
Hαi(z)Hαi(w) =
4k
α2
i
(z − w)2 + . . . , Hαi(z)J±αi(w) = ±
2J±αi(w)
z − w + . . . , (8)
1Notice that k is negative for a unitary representation in our notation since we are using negative
definite metric for the even roots. We change to a more standard notation presently.
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and they are conformal primaries with dimension 1. All these OPE’s are understood here
in the classical case in the formal sense of the hamiltonian structure.
Next there are four supercurrents, Gβ(z) indexed by the positive odd roots, related
to the notation (+,−,+K,−K) of [8, 12] as above. They are conformal primaries with
dimension, 3/2, and affine primaries transforming as (i = 2, 3)
Jαi(z)Gβ(w) =
(tαiG)β(w)
z − w + . . . , Hαi(z)Gβ(w) =
(tiG)β(w)
z − w + . . . . (9)
The general result of [1] for the classical OPE’s of the supercurrents reduces in this case
to
Gθ−β′(z)Gβ(w) = −2kδβ,β′(z − w)−3 + 2(z − w)−2Mθ−β′,β(w) + (z − w)−1∂wMθ−β′,β(w)
+ δβ,β′(z − w)−1
[
L(w) +
1
K
{ ~J22 + ~J23 + t2θ−β,βHα2(w)Hα3(w)}
]
+ . . . ,(10)
where
Mθ−β′,β ≡
[
γ~t2 · ~J2 + (1− γ)~t3 · ~J3
]
θ−β′,β . (11)
It is convenient to reparametrize the two constants, k, γ in terms of K± (and K ≡
K+ +K−) thus
γ =
K−
K
, 1− γ ≡ K
+
K
, k = −K
+K−
K
, (12)
showing that the parameters, K±, are simply the classical levels of the two commuting,
affine ŜU(2)’s.
The quantum algebra, A˜γ, has an entirely similar form with the OPE’s having the
standard meaning in conformal field theory. However, some of the parameters get “renor-
malized”. Thus the energy momentum tensor has central charge [12, 1]
c = −6k − 3 = 6K
+K−
K
− 3. (13)
The two commuting affine ŜU(2)’s have levels K˜± rather than K±, where K˜± ≡ K±− 1.
Similarly, the operator, Mθ−β′,β is modified into
Mθ−β′,β =
[
K˜−
K
~t+ · ~J+ + K˜
+
K
~t− · ~J−
]
θ−β′,β
. (14)
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We now turn to the explicit free field representation of this quantum algebra, cf. [1]. We
introduce commuting sets of affine currents (i = 2, 3),
~ˆ
J i ≡ (Jˆαi , Jˆ−αi, Hˆαi), (15)
with similar OPE’s as the currents ~Ji, except that they correspond to Kac-Moody levels,
K˜± − 1 rather than K˜±. We could introduce the standard Wakimoto free field represen-
tations [19] for those as well, but we shall not need these explicitly. We further introduce
free fermions, χβ(z), with OPE’s
χθ−β′(z)χβ(w) =
δβ′β
z − w + . . . . (16)
They are taken to commute with the currents,
~ˆ
J i(z), i = 2, 3. Finally a free scalar, φ(z)
coupled to world sheet curvature is used. Based on these we first introduce fermionic
affine ŜU(2)1 × ŜU(2)1 currents
~JF,i(z) ≡
∑
β,β′∈∆1+
χθ−β(z)(~tβ,θ−β′)iχβ′(z). (17)
Following ref. [1] we write (the dual Coxeter number, h∨ of the exceptional Lie superal-
gebra, D(2|1;α), is zero)
α+ ≡
√
k + h∨ = −i
√
K+K−
K
,
Q ≡
√
θ2(
2− |∆1+|
2α+
− 2α+
θ2
) = −
√
2(α−1+ + α+). (18)
Also
Lφ = −1
2
(∂φ)2 − iQ
2
∂2φ, LF =
1
2
∑
β∈∆1+
∂χθ−βχβ, LJˆ± =
2
K±
(
~ˆ
J
±
)2. (19)
It is then a straightforward (albeit tedious) task to check that the following provides the
sought free field realization of the algebra:
L(z) = LJˆ+(z) + LJˆ−(z) + LF (z) + Lφ(z),
~J±(z) = ~ˆJ
±
(z) + ~J±F (z), (20)
Gβ(z) = { Q√
2
∂ +
i√
2
∂φ +
2γ
α+
(
~ˆ
J
+
+
3
2
~J+F ) · ~t+ +
2(1− γ)
α+
(
~ˆ
J
−
+
3
2
~J−F ) · ~t−}χβ(z).
5
It is easy to verify that these expressions generalize the ones previously presented in
the literature. Thus, for γ = 1
2
or K+ = K−, the algebra A˜γ reduces to the N = 4
superconformal algebra with an affine ŜO(4), and the above expressions to the ones given
by Mathieu [4]. In particular one may easily verify that
~ˆ
J
+
F · ~t+χβ(z) ≡ −~ˆJ
−
F · ~t−χβ(z) so
that these (triple fermionic) terms cancel in that limit.
Second, in the limit γ → 1, or K− → ∞, or α+ → −i
√
K+ (with a similar “charge
exchanged” limit), the A˜γ algebra reduces to the singly extended N = 4 algebra with a
single affine ŜU(2). In that limit the above expressions reduce to the ones recently given
by Matsuda [7].
These results have immediate consequences for the representation theory of the A˜γ
algebra, as studied in [12, 15, 16]. In particular, it follows that characters of highest
weight representations (for details of the definition of A˜γ characters, see [15]) take the
form
ChA˜γ (h,K+, K−, ℓ+, ℓ−; q, z+, z−) = χφ(q)χF (q, z+, z−)χK˜
+−1
2ℓ+ (q, z+)χ
K˜−−1
2ℓ− (q, z−) (21)
where
χφ(q) =
qhφ+
Q2
8
η(q)
(22)
is the character of the φ-module with cφ = 1− 3Q2 and conformal dimension, hφ.
χF (q, ξ+, ξ−) =
θ3(q, z+)θ3(q, z−)
η2(q)
(23)
is the contribution from the 4 fermions. For simplicity we only give this expressions in the
NS sector, but the translation to the R sector is trivial using standard methods, cf. [17].
Finally χk2ℓ(q, z) is the standard affine ŜU(2)k character for isospin ℓ and level k. This
expression for the character is in complete agreement with what was found in ref. [15] for
the characters of unitary, irreducible, massive representations. In [15] it looked miraculous
(i) that the factorized form should appear, and (ii) that affine ŜU(2) characters at levels
K˜± − 1 should occur. These aspects now are fully explained.
6
As shown in [12] unitary representations of A˜γ occur only when (a) we have integrable
representations of affine ŜU(2)K˜+ × ŜU(2)K˜− (i.e.: K± are positive integers, 2ℓ+, 2ℓ− are
positive integers ≤ K˜± in the NS sector), and (b) when the conformal dimension in the
NS sector is bounded by
h ≥ hNS0 ≡
1
K
{(ℓ+ − ℓ−)2 +K+ℓ− +K−ℓ+}. (24)
The corresponding bound in the R sector is given by
h ≥ hR0 ≡
1
K
(ℓ+ + ℓ−)2 +
K+K−
4K
− 1
4
. (25)
At the limiting value, the massive representation is no longer irreducible, but splits into
two massless or chiral representations.
Clearly, for hφ = −Q28 (which is positive for integrable representations) the characters
transform according to a finite dimensional representation of the modular group.
We now turn to the determination of screening operators relevant for the discussion of
null states in degenerate representations. Again, these will turn out to be closely related
to but generalizing the known expressions [4, 7] for the two standard versions of N = 4
superconformal algebras. Screening operators associated with the affine ŜU(2)K˜+−1 ×
ŜU(2)K˜−−1 are standard [19], and will not be further discussed here (cf. also [1]). In
addition to those we find two other screening operators (as in [1]).
We first introduce the primary multiplet of fields,
ΦΛ
∗
λ
(z) ≡ [Φ
1
2
m+(z)]
(+)[Φ
1
2
m−(z)]
(−)
of the currents
~ˆ
J i, carrying the Λ
∗
= (1
2
, 1
2
) representation of SU(2)+ × SU(2)−, with
weight λ = (m+, m−) = (±1
2
,±1
2
). These weights may naturally be identified with the
positive, odd roots, and phases may be chosen so that
tα(ΦΛ
∗
β (z)) = Φ
Λ
∗
β+α(z) (26)
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for α ∈ ∆(G) and β, β+α ∈ ∆1+. Then the fermionic screening operator may be given as
Sf (z) =
∑
β∈∆1+
χβ(z)Φ
Λ
∗
θ−β(z) exp(−
i
√
θ2φ(z)
2α+
), (27)
in accord with the structure of the general formula in [1]. A detailed calculation shows
that
Gβ(z)Sf (w) = ∂w
ΦΛ
∗
β (w) exp(− i
√
θ2φ(w)
2α+
)
z − w
+ . . . . (28)
In comparison with the result in ref.[7] it may be noticed that the sum over β involves 4
terms which pairwise form singlets of either SU(2)+ or SU(2)− but not of both. In the
limit K− →∞ (say) where one of these affine algebras are frozen out, it is only important
to have singlets of ŜU(2)+
K˜+
so that one actually finds two independent fermionic screening
operators in that limit as in ref. [7]. In general, however, there is only the single one we
have provided. Nevertheless the same number of families of null states are generated by
our single chiral screening operator as with the two of [7], cf. the discussion of the Kac
determinant below.
As argued in [1] we expect another screening operator of the form
Sθ(z) = sθ(z) exp(
2iα+φ(z)√
θ2
), (29)
in order to characterize the singular vectors for the boson φ. The explicit form for sθ(z)
has been obtained previously only in a limited number of cases. In the present one we
find it may be expressed (for example) as follows.
sθ(z) = (α
2
+ + 1)χ+(z)χ−(z)χ+K(z)χ−K(z) + (1− 2γ)[Lφ(z)−
iα+√
2
∂2φ(z)− LF (z)]
− γ(LJˆ+ − 2~ˆJ
+
· ~J+F )(z) + (1− γ)(LJˆ− − 2~ˆJ
−
· ~J−F )(z) (30)
again this expression reduces to the corresponding ones in the limits, γ → 1
2
, 1, [4, 7], and
for the (“most non-trivial”) OPE’s one finds
Gβ(z)Sθ(w) = ∂w
{
(z − w)−1{[iα+(2γ − 1)(∂ + 1√
2
∂φ) + 2γ(
~ˆ
J
+
· ~t+ − 2
3
(α2+ + 1)
~J+F · ~t+)
− 2(1− γ)(~ˆJ
−
· ~t− − 2
3
(α2+ + 1) ~J
−
F · ~t−)]χβ(w)}e
2iα+φ(w)√
θ2
}
+ · · · . (31)
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The singular vectors produced by integrating the screening charges for the affine
ŜU(2)K˜+−1× ŜU(2)K˜−−1 (which we did not explicitly provide) may rather easily be seen
to produce (i) for integrable representations, precisely the singular vectors constructed
and used in ref.[15] for building characters for the unitary representations of the A˜γ al-
gebra (generalizing the techniques of [20, 21]), and (ii) singular vectors associated with
non-unitary, non-integrable representations in complete analogy to the case of the singly
extended N = 4 theory, cf. [7]. In addition to those, there are singular vectors produced
by the screening operators, Sf (z) and Sθ(z), just given. Again the situation is rather
analogous to the one discussed in the special case γ → 1 by Matsuda [7]. In that case
families of null states were conjectured based on computer studies by Kent and Riggs [22]
some time ago. In [7] it was shown how these were exactly produced by the correspond-
ing screening operators. Consistency of the characters demands that these extra singular
vectors lie entirely outside the unitarity domain2. Further, once the multiplicity of the
zeros in the Kac-determinant corresponding to all these singular vectors are understood
and found to saturate the bound provided by the corresponding level, one may consider
that the final part of a rigorous proof has been provided for the characters, [20, 15], and
the Kac determinant as well.
In the present letter we confine ourselves to presenting a natural proposal for how the
Kent and Riggs conjecture for the Kac determinant should generalize for a general value
of the parameter, γ 6= 1. For simplicity we consider only the R-sector as in [7]. It is
straight forward to repeat the treatment in the NS sector or in fact to use “spectral flow”
from the R sector result given here, [17]. We attempt a notation making the comparison
with ref. [22] easy.
The structure of highest weight multiplets in the R sector is as follows (for a complete
discussion, cf. [15]): The massive representation has 4 SU(2)+ × SU(2)− multiplets with
2One of us (JLP) is indebted to A. Kent for illuminating discussions.
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the same (lowest) value of the conformal dimension, h, and isospins parametrized as
(ℓ+, ℓ− − 1
2
), (ℓ+ − 1
2
, ℓ−), (ℓ+ − 1, ℓ− − 1
2
), (ℓ+ − 1
2
, ℓ− − 1).
The representation is referred to by means of the triple (h, ℓ+, ℓ−) in addition to the two
parameters, (k, γ), or equivalently, (K+, K−). The 4 isospin multiplets are connected by
the action of the 4 supercurrent zero-modes. The two first members above are annihilated
by (G+)0, (G+K)0 and (G+)0, (G−K)0, respectively. The Kac determinant is the determi-
nant of the sesquilinear form of inner products of states in the module built on the highest
weight multiplet, and having definite values of the quantum numbers, thus h, ℓ+3 , ℓ
−
3 are
increased respectively by n,∆ℓ+,∆ℓ−. It is denoted by Mn,∆ℓ+,∆ℓ−(h, k, γ, ℓ+, ℓ−).
Multiplicities of states in this subspace are given by partition functions, P 4γ (n, 2∆ℓ
+, 2∆ℓ−)
which are simple to describe provided all generators act freely. In that case they are gen-
erated as follows
P 4γ (q, z+, z−) ≡
∞∏
n=1
(1 + qnz+z−)(1 + qnz+z−1− )(1 + q
nz−1+ z−)(1 + q
nz−1+ z
−1
− )
(1− q3)(1− qnz2+)(1− qnz−2+ )(1− qnz2−)(1− qnz−2− )
× (1 + z
−1
+ z−)(1 + z
−1
+ z
−1
− )
(1− z−2+ )(1− z−2− )
≡
∞∑
n,2∆ℓ+,2∆ℓ−=1
qnz2∆ℓ
+
+ z
2∆ℓ−
− P
4
γ (n, 2∆ℓ
+, 2∆ℓ−). (32)
In case the supercurrent with SU(2)+ × SU(2)− weight (1
2
ǫ+, 1
2
ǫ−) and level, N does not
act freely (i.e. is expressible in terms of other operators), the multiplicity is provided by
the modified functions
P 4γ (q, z+, z−;N, ǫ
+, ǫ−) ≡ P 4γ (q, z+, z−)(1 + qNzǫ
+
+ z
ǫ−
− )
−1
≡
∞∑
n,2∆ℓ+,2∆ℓ−=1
qnz2∆ℓ
+
+ z
2∆ℓ−
− P
4
γ (n, 2∆ℓ
+, 2∆ℓ−;N, ǫ+, ǫ−). (33)
We further generalize the various functions of [22] (corresponding to ρ = η = 0 in their
notation; this is the R sector), the vanishing of which corresponds to the occurrence of
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the singular states as described below. Thus we define
fp,q(h, k, γ, ℓ
+, ℓ−) = k(k + 1 + 4h)− (kp− q)2 + 4(γ(ℓ+)2 + (1− γ)(ℓ−)2),
gp±,q±(h,K
±, ℓ±) = K±|p±|+ 2sgn(p±)ℓ± − q±,
hN,ǫ+,ǫ−(h, k, γ, ℓ
+, ℓ−) = 4h− k(4N2 − 1) + 1 + 8N(γǫ+ℓ+ + (1− γ)ǫ−ℓ−)
− 4
K
(ǫ+ℓ+ − ǫ−ℓ−)2. (34)
These are simply related to corresponding functions in [22] in the limit γ → 1. The precise
form follows from the identification of singular states presented below.
The corresponding conjecture for the Kac determinant takes the form
Mn,∆ℓ+,∆ℓ−(h, k, γ, ℓ
+, ℓ−) = A
∏
p,q>0
[fp,q(h, k, γ, ℓ
+, ℓ−)]P
4
γ (n−pq,2∆ℓ+,2∆ℓ−)
×
∞∏
p+=−∞
q+=1
[gp+,q+(h,K
+, ℓ+)]P
4
γ (n−|p+|q+,2∆ℓ++sgn(p+)q+,2∆ℓ−)
×
∞∏
p−=−∞
q−=1
[gp−,q−(h,K
−, ℓ−)]P
4
γ (n−|p−|q−,2∆ℓ+,2∆ℓ−+sgn(p−)q−)
×
∞∏
N=1
ǫ±=±1
[hN,ǫ+,ǫ−(h, k, γ, ℓ
+, ℓ−)]P
4
γ (n−N,2∆ℓ+−ǫ+,2∆ℓ−−ǫ−;N,ǫ+,ǫ−)
× ∏
ǫ−=±1
[h0,1,ǫ−(h, k, γ, ℓ
+, ℓ−)]P
4
γ (n,2∆ℓ
+−1,2∆ℓ−−ǫ−;1,ǫ+) (35)
notice that
h0,1,−1(h, k, γ, ℓ+, ℓ−) = 4(h− { 1
K
(ℓ+ + ℓ−)2 +
K+K−
4K
− 1
4
})
= 4(h− hR0 ) (36)
where (as above) hR0 is the massless bound on the conformal dimension in the R sector.
The factor A is a normalization factor.
We now briefly indicate how the screening operators we have found give rise to singular
vectors which in turn give rise to the above factors in the Kac determinant.
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In our free field representation a generic state is a tensor product of states pertaining to
(i) the Fock space of the 4 free fermions, (ii) a representation space of the two commuting
affine currents,
~ˆ
J
±
, and (iii) the scalar, φ: |F 〉 ⊗ |ℓˆ+〉 ⊗ |ℓˆ−〉 ⊗ |p〉. We refer to p as the
“momentum”, the corresponding state being created by a vertex operator ei
√
θ2pφ(z).
We first consider singular vectors produced by p-fold integrals of the φ-screening op-
erator, Sθ, carrying momentum, α+. Consider acting with the p-fold integral on the state
|0〉R⊗|ℓˆ± = ℓ±− 12〉⊗|P −pα+〉. Here the combined Ramond vacuum states |0〉R of the 4
fermions provide the multiplet structure in the R sector described above. They transform
as a (1
2
, 1
2
) representation and provides a contribution of 4/16 to the conformal dimension.
The action of the p-fold integral of Sθ will produce a singular vector which itself is a
descendant of a highest weight vector with momentum, P , and isospins unchanged. The
on-shell condition that the level (increase in conformal dimension) is a positive integer,
N = p · q gives rise to the quantization of momenta
P = Pp,q = − 1
2α+
(q − 1) + α+
2
(p+ 1), (37)
which is a generalization of [7] and conforms with [1] (after P → −Q − P ). The corre-
sponding conformal dimension takes a value given by the vanishing of fp,q(h, k, γ, ℓ
+, ℓ−)
and justifies the first factor in the Kac determinant. One also checks that the correspond-
ing values of h lie below the unitarity bound, so that these singular vectors do not affect
the calculation of characters of unitary representations, [15].
The identification of singular vectors arising from the well known screening charges
(not repeated here) of the affine ŜU(2)K˜+−1×ŜU(2)K˜−−1 is entirely analogous to the singly
extended case, [7], and gives rise to the second and third factor in the Kac determinant.
For integrable representations these are exactly the ones employed in the construction of
characters in ref. [15].
Singular vectors produced by the fermionic screening operator, Sf , are obtained by
integrating that once only, and acting on a suitable state (cf. [23]), which we take to be
12
|0〉R ⊗ |jˆ+, jˆ−〉 ⊗ |P + 12α+ 〉, since the chiral screening operator has momentum, −1/2α+.
The result will be a singular vector with SU(2)+×SU(2)− weight, (ℓ+S , ℓ−S ) = (jˆ++ 12 , jˆ−+
1
2
) (the extra (1
2
, 1
2
) coming as before from the Ramond ground state multiplet of the four
fermions). The singular vector is a descendant of a highest weight state with momentum,
P and SU(2)+ × SU(2)− weight (ℓ+, ℓ−) = (jˆ+ + 1
2
+ ǫ+ 1
2
, jˆ− + 1
2
+ ǫ− 1
2
) provided the
on-shell condition that the level is a positive integer (or zero) is fulfilled. Here there are
four possibilities corresponding to ǫ± = ±1. The reason is that the screening operator, Sf
involves the operators, [Φ
1
2
m± ]
± transforming as (1
2
, 1
2
) primaries of the currents,
~ˆ
J
±
. More
explicitly the 4 possibilities may be seen by using standard free field representations for
these operators. These representations involve a vertex operator or it’s dual and they give
rise to the total of 4 possibilities. If the level is denoted by N the quantization condition
for the momentum is
P = PN = α+N +
1
2
α+ + α+
[
ǫ+ℓ+ − 1
2
K+
+
ǫ+ℓ+ − 1
2
K+
]
. (38)
This gives rise to a value for the conformal dimension provided by the vanishing of the
function hN,ǫ+,ǫ−(h, k, γ, ℓ
+, ℓ−) above. These conformal dimensions all lie below the uni-
tarity bound, hR0 , except forN = 0, ǫ
+ = −ǫ− which is precisely the condition for massless-
ness. Thus the existence of these states is also consistent with the character calculation,
[15]. Finally they give rise to the remaining two factors in the Kac determinant.
The multiplicities here are given under the assumption that a certain supercurrent
mode is redundant. Such phenomena are well known (see for example [20] in the singly
extended N = 4 case, and [15] in the doubly extended N = 4 case) in similar contexts,
but in this letter we have not in fact attempted a full understanding.
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